Research on spinning shafts is mostly restricted to cases of constant rotating speed without examining the dynamics during their spin-up or spindown operation. In this article, initially the equations of motion for a spinning shaft with non-constant speed are derived, then the system is discretised, and finally a nonlinear dynamic analysis is performed using multiple scales perturbation method. The system in firstorder approximation takes the form of two coupled sets of paired equations. The first pair describes the torsional and the rigid body rotation, whilst the second consists of the equations describing the two lateral bending motions. Notably, equations of the lateral bending motions of first-order approximation coincide with the system in case of constant rotating speed, and considering the amplitude modulation equations, as it is shown, there are detuning frequencies from the Campbell diagram. The nonlinear normal modes of the system have been determined analytically up to the second-order approximation. The comparison of the analytical solutions with direct numerical simulations shows good agreement up to the validity of the performed analysis. Finally, it is shown that the Campbell diagram in the case of spin-up or spin-down operation cannot describe the critical situations of the shaft. This work paves the way, for new safe operational 'modes' of rotating structures bypassing critical situations, and F. Georgiades (B) School of Engineering, College of Science, University of Lincoln, Brayford Pool, Lincoln LN6 7TS, UK e-mail: fgeorgiadis@lincoln.ac.uk also it is essential to identify the validity of the tools for defining critical situations in rotating structures with non-constant rotating speeds, which can be applied not only in spinning shafts but in all rotating structures.
Introduction
Starting about 93 years ago, with the pioneered seminal work by Campbell [1] [2] [3] , the main theory was developed to examine critical situations in vibrations of turbine wheels in constant rotating speeds. This work is the basis of the current examination of critical speeds of rotating structures in steady states using the diagram that indicates how the natural frequencies of the structure vary with the rotating speed (limited to steady states) incorporating the excitation frequency due to rotating speed, which forms the Campbell diagram (CD). Since then, based on CD, plenty of research articles have been reported about rotating structures and spinning shafts but restricted mainly to steady states. Extended literature review on critical speeds on steady states is out of the scope of this work. Only a few articles are related in examining their dynamics during spin-up and spin-down operation, which corresponds to non-constant rotating speed. Plaut and Wauer [4] examined parametric, external and combination reso-nances in coupled flexural and torsional oscillations of an unbalanced rotating shaft with non-constant rotating speed, but the rigid body equation of motion for non-constant rotating speed was neglected. Suherman and Plaut [5] used flexible internal support in order to mitigate lateral bending vibrations. In [5] , a model was developed and dynamics for a spinning shaft with non-constant rotating speed was examined including a flexible internal support considering also the equation of rigid body motion, but the torsional motion was neglected in this treatment. Wauer [6] modelled and formulated equations of motion for cracked beams considering non-constant rotating speed, but without considering the rigid body equation of motion. It should be commented that in [4] [5] [6] the models are not considering all the motions in order to perform nonlinear dynamic analysis and the results are limited to these models. In [7] , the equations of motion of a spinning shaft with dynamic boundary conditions (eccentric sleeves) were derived, since the main work was about the dynamics of the shaft due to the particular dynamic boundary conditions; although non-constant rotating speed was considered, it was not given any special attention.
Further work has been conducted in the so-called non-ideal systems, which correspond to rotating mechanical systems incorporating the electromechanical coupling with the DC motor to examine Sommerfeld effect but limited to discrete systems with the excitation of natural frequencies by the external torque of the motor [8] [9] [10] . The significance of considering non-ideal systems is discussed in [11] , whereas there is comparison in dynamic results between ideal and non-ideal systems. Although in this area of research it is considered in some cases non-constant rotating speed, the work is focused on the effect of external torque through the DC motor in the nonlinear dynamics of these electromechanical systems, and it is also restricted to discrete models. In [12] , nonlinear dynamics of rings rotating with variable speed considering small fluctuations from a constant average value were examined.
Noted that since 1960s with the works of Kauderer as mentioned in [13] and Rosenberg [14] , the development of the nonlinear normal modes (NNMs) theory in examining dynamics of nonlinear mechanical systems is started, which has been continued about a decade later, for example, in [15] [16] [17] . Further information can be found in [13, 18, 19] with summaries of the methods used on this field. On this article, the method of multiple scales that has been developed in [20] will be used, and a discussion of the application of this method in examining NNMs is given in [21] . The reason for selecting multiple scales is that the spinning shaft with non-constant rotating speed is a non-natural mechanical system and can be treated relatively easy without the inversion of the mass matrix. As it is discussed herein another reason is that the arising formulation allows straight comparisons with the case of constant rotating speed.
In [22] , NNMs of a Jeffcott rotor using multiple scales approach considering discrete model representing geometric nonlinearities of the shaft and constant rotating speed were determined. Invariant manifolds approach for the determination of NNMs has been used in [23] to examine dynamics of a spinning shaft with constant rotating speed including nonlinearities by the supported journal bearings. A combined method based on the invariant manifold with multiharmonic balance technique has been used in [24] , to determine the NNMs of an asymmetric disc rotor with constant rotating speeds, considering nonlinearities in bearings. The multiharmonic balance technique has been used in [25] , to examine stability and vibrations analysis of a complex flexible rotor bearing system. Based on invariant manifolds approach, in [26] a new method has been developed for the determination of NNMs, incorporating Rausher and harmonic balance methods, and it has been applied to determine the dynamics of a spinning shaft with constant rotating speed with nonlinearities and inertia forces in the supports. It should be noted that in [22] [23] [24] [25] [26] the models were considering constant rotating speed and nonlinearities in bearings, without examination of non-constant rotating speed. In [27] , non-constant rotating speed for a rotating composite blade was considered, whereas a nonlinear system of partial differential equations (PDEs) coupled with one integro-differential equation (IDE) describing the rigid body angular motion, which is a similar model with the spinning shaft in non-constant rotating speed derived, herein, is derived.
In this article, the dynamics of the shaft as an elastic continuum with non-constant rotating speed are examined purely and its correlation with the critical situations resulted from the steady-state analysis using the CD. Initially, the equations of motion of a spinning shaft with non-constant rotating speed made of isotropic material and considering Euler-Bernoulli (EB) beam are derived. Then, the nonlinear system of the PDEs has been discretised, and finally the method of multiple scales is used to determine the nonlinear normal modes (NNMs) with the analytical solution for the first-and second-order approximations of the discretised nonlinear system. At the end, in the numerical results section at first, a comparison of the individual multiple scales solution with numerical integration is made. Then, there is a comparison of the CD obtained from commercial finite element analysis (FEA) software with this one obtained from analytical solutions. Finally, the full multiple scales solution is compared with the direct numerical integration of the original system, and also the validity of the critical speeds obtained from the CD, considering also the detuning frequencies, is examined.
Equations of motion
On this part of the article, initially, the system of PDEs that describes the motion of a spinning shaft with nonconstant rotating speed is derived, and then, it will be discretised with projection to the infinite basis of the associated linear system. The shaft is considered, as simply supported EB isotropic beam with uniform properties and dimensions in the longitudinal direction, with rigid body (θ ) motion, axial (u), lateral bending motions (v, w) with rotary inertia terms, and torsional motions (φ). Also in this paper, any non-conservative forces (damping, external forces/torques) and any imbalance are not considered. The Hamilton's Principle is employed as follows,
with the variation of the kinetic energy of the shaft (δT ) and the variation of the potential energy of the shaft (δU ).
The partial derivatives are designated with a subindex after a comma that shows under which variable is performed the differentiation, e.g. f ,tt means two derivatives of f with respect to time.
The integral of the variation of the kinetic energy is given by,
where R is the position vector, ρ is the density of the shaft, and V is the volume of the shaft. Considering the deformations for EB beam with generalised coordinates axial (u), both lateral bending (v, w) and torsional (φ) motions are indicated in Fig. 1 . The position vector (R) in a fixed coordinate system can be defined as a rigid body rotation (θ ) with respect to x axis applied in the position vector (r) in the rotating frame, and it is given by,
where A is the rigid body rotation matrix with respect to x axis with angle-θ as indicated in Fig. 1 . Considering Eq. (3), the acceleration vector is given by,
where the first acceleration term is due to non-constant rotating speed, the second term is the centrifugal acceleration, the third term is the Coriolis acceleration and the last one is the translational acceleration. In Eq. (2), inside the integral in the variation of kinetic energy, the vector product of the acceleration vector (Eq. 4) and the variation of the position vector are involved. The explicit form of the variation of the position vector based on the involved partial derivatives with respect to the generalised coordinates is derived in "Appendix-A" section. The determination of the vector product in right-hand side of Eq. (2) has been done in "Appendix-A" section, and using equations (A.3), the variation of kinetic energy with respect to the generalised coordinates is a trivial process.
In case of EB isotropic beam with the associated displacement vector including rotary inertia terms, it is trivial to define the variation of potential energy with respect to the generalised coordinates [28] .
Finally, considering the variations of kinetic and potential energy with respect to the generalised coordinates and using Hamilton's principle (Eq. 1), the following equations of motion arise:
-Rigid body rotation (θ ),
where the nonlinear terms on these equations are underlined and noted that since the angular rigid body position (θ ) is a variable, then the centrifugal and Coriolis are also nonlinear terms. The distributed mass and the inertia coefficient for the spinning shaft with cyclical cross section as obtained through integration over the area of the cross section are given by,
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,
o , the internal and external diameters of the shaft's cross section, respectively ( Fig. 1 ). Also, it should be noted that Eq. (5a) describing the axial motion is fully decoupled from the rest of the system, and it is the typical equation describing the axial motion of an elastic beam; therefore, there is no reason to be considered any further in the present analysis. The derived equations of motion (Eq. 5) in case of restricted to lateral bending with rigid body rotation motions coincide with those obtained in [5] , whereas the torsional motion has been neglected.
Considering also simply supported beam and the Hamilton's principle, the strong and weak boundary conditions (BCs) are, -lateral bending in y-direction (v) (fixed in displacement-free to rotate, in both sides)
-lateral bending in z-direction (w) (fixed in displacement-free to rotate, in both sides)
-torsional motion (φ), in one end that it is associated with the rigid body motion the coordinate system is fixed and the other end is considered as free (depends on the particular configuration of the shaft, e.g. second motor in the other side),
In case of constant rotating speed (θ ,t = Ω = ct, therefore θ ,tt = 0), then the system of coupled equations in both lateral bending and torsion is taking the form, -Lateral bending in y-direction (v),
-Torsional motion (φ),
whereas the torsional equation is decoupled from the rest lateral bending motions, and these both lateral bending equations of motion are typically found in the literature of spinning shafts. Also, it should be commented that the torsional motion (φ) is not the total distributed angular position (ϕ (x, t), which is defined in the fixed frame with respect to rotation about x axis). Based on the configuration in Fig. 1 , the total distributed angular position is given by, ϕ (x, t) = −θ (t) + φ (x, t), and this transformation lead to freefree boundary conditions for the total distributed angular position of the shaft with respect to the fixed frame.
The system of equations (5) can be projected to the infinite base of the corresponding linear modes of the homogeneous linearised problem of these PDEs (Eq. 5 neglecting the underlined terms). The linearised system is forming decoupled PDEs, whereas considering the B.C.s (Eq. 7-9), it can be shown that the equations are also self-adjoint, since the equations describe the well-known elastic motions in bending and torsion with typical BCs [29] . Therefore, the linear mode shapes are orthogonal to each other and also the linear modal equations decoupled.
The two corresponding PDEs (of Eq. 5b-c) describing the motion in both lateral bending motions including the rotary inertia terms are identical in both directions. The associated boundary value problem (BVP) solution is described in "Appendix-B" section with linear mode shapes and natural frequencies of the k-mode given by,
whereas the mode shapes have been normalised considering only the mass (m) coefficient terms. The non-homogeneous torsional BVP can be solved using the integral of the Green's function arising from the homogeneous problem multiplied with angular positions, but the angular acceleration has to be defined explicitly in order to obtain a specific solution. Therefore, we restrict the solutions to the corresponding linear homogeneous PDE describing torsional motion which arises from Eq. (5d) by neglecting terms associated with the rigid body motion. In this case, the linear BVP is similar to this one of a rod in axial vibration with clamped-free B.C.s. The solution of this BVP is having the following mode shapes and natural frequencies of the k-mode [29] ,
respectively, whereas the mode shapes have been normalised. The notation in frequency is used to designate that corresponds to the fixed-free boundary value problem, and then, the projection of the dynamics to the linear mode shapes is associated with this BVP. Noted that on this BVP local torsional motion is used instead of total angular position which corresponds to the free-free BVP. (And it is associated with the natural frequencies of the rotating shaft in torsion.) The displacements in bending and the rotational angles due to torsion in equations (5b-d) are expressed in series of the linear mode shapes as follows,
Equations (5b-c) are multiplied with y j (s) and Eq. (5d) with y j (s), and they are integrated over the length span of the shaft, using the weighted residual approach with Bubnov-Galerkin 1 approximation. As first attempt, in order to simplify the problem, the discrete system of equations of motion with truncation of series to the first linear mode for each motion is considered, and finally, the discrete equations describing the motion are taking the form,
with the following constants,
and also, the index associated with the number of modes is neglected since the first one in all cases is considered. Restricting equations (14) to the case of constant 1 Based on the remark by Prof. Y. V. Mikhlin. rotating speed (θ ,t = Ω = ct, therefore θ ,tt = 0) the system of (Eq. 14) is taking the form,
The system of (Eq. 16) has coupled equations only between lateral bending motions through the Coriolis force and the associated CD (with these equations); as it is shown in [30] and herein, it is the same as this one obtained from FEA of a spinning shaft with constant rotating speed. The multiple scales perturbation method developed by Nayfeh [20] is used, and different time scales are considered as follows,
therefore,
and also, the solutions of the system of the 'modal' equations (Eq. 14) are in the following form,
Also, following the multiple scales approach, the system of equations (14) for the various ε-scale orders (up to second order) is taking the form:
In the left side of systems of Eqs. (19) (20) , the equations are coupled in pairs; the first pair is with the equations describing the rigid body angle with torsion and the second pair is with the coupled equations describing the two lateral bending vibrations.
Dynamic analysis
In this section, the systems (Eqs. 19, 20) , arising from multiple-scale formulation in different scales, will be solved explicitly.
Solution of first-order approximation for rigid body with torsional motions
The system of equations of the rigid body with torsional motions for the first-order approximation is described by equations (19a, d). Elimination of the secular terms in Eq. (19a), and taking into consideration Eq. (18), leads to,
Considering (21), the terms in the right-hand side of Eq. (19d) are seen to be eliminated.
To simplify the equations for the rest of the article, over-dot notation will be used instead of D 0 , and dash notation will be used instead of D 1 .
The first-order approximation for rigid body rotation (Eq. 19a) with torsion (Eq. 19d), considering equations (18, 21) and the new notation, can be written in the following form,
In the above system (Eq. 22), the angular rigid body position is involved only with its derivative; therefore, this system can be solved with respect toθ . Then, the angular position can be trivially obtained by integration in time of the angular velocity. Using Eq. (22a) in (22b), the system can be decoupled easily, and the solution of these equations is a trivial problem given by [29] ,
with,
and setting,
then, the amplitudes of (Eq. 23) are given by,
3.2 Solution of first-order approximation for both lateral bending motions
The system of equations for both lateral bending motions of the first-order approximation is described by equations (19b-c). Considering Eq. (18) and the new notation, then the first-order approximation (ε 1 ) equations of motion for lateral bending (Eq. 19b, c) are taking exactly the same form with equations (16a-b), which corresponds to constant rotating speed. As it is shown in [30] , it will be verified in the numerical Sect. 4.2, and the natural frequencies of this system form the CD. The solution of the system (Eq. 16a-b) can be obtained by writing the system as first-order differential equations, and the four roots of the characteristic polynomial are given by,
which, it is true for any if,
then the shaft has sufficient large ratio of length with respect to the internal and external radius of the hollow shaft, in which it is the case for most flexible shafts in engineering applications. Also,
Therefore, based on (Eq. 28) and the values of the following parameters defined by (Eq. 29a,c), and condition (Eq. 29b), there are the following three cases for the solutions of the eigenvalue problem.
The first condition occurs when,
And the second occurs when,
The eigenvalues are given by,
In the second case, the eigenvalues are given by,
In the third case, the eigenvalues are given by,
The first case corresponds to relatively low rotating speeds. The explicit form of the natural frequencies with respect to rotating speed, in first case, is given by,
and, the plot of these frequencies with respect to the rotating speed is used to form the CD for a shaft with constant rotating speed.
It should be noted that in case of neglecting the rotary inertia terms in bending (with I 1 = 0 in Eq. 5b, c, then M = 0), then the evaluation of the parameters in equations (29a,c) indicates that it corresponds to the first case and the natural frequencies are given by,
In case of constant rotating speed, it should be mentioned that based on the latest definition of the normal modes which are the periodic motions [19] , not all of these frequencies are associated with the normal modes since the periodicity condition for the angular position must satisfy,
and this is true only when ω i = nΩ (with n any integer) which is the case of critical speeds of the shaft in steady states, and these are the frequencies of the associated Normal Modes of the shaft, which justifies the resonances in FRFs whilst varying the rotating speeds, and they occur when the rotating speed is very close (due to damping) to the critical speed. Otherwise stated, the critical speeds in terms of frequencies are the same with the vibration frequencies of the structure which cause resonance, and this terminology is used also on this article arising from the standard definition in the literature, irrespective though, if it is true or not in the case of non-constant rotating speeds which is under examination herein. The associative, on the eigenvalues, matrix of eigenvectors and its inverse are given by,
Since system (Eq. 16a-b) is a linear system, the solution can be determined easily using the fundamental solution matrix which is given by,
Therefore, the solutions are given by,
3.3 Solution of amplitude modulation equations of first order for rigid body with torsional motions
In order to finalise the first-order approximation solution for rigid body and torsional motions, in this section, the amplitudes in equations (23) with respect to time scale T 1 are determined by solving the amplitude modulation equations arising by elimination of the secular terms of ε 2 in equations (20a,d). Considering equations (18, 21) and elimination of T 2 secular terms, the righthand side of equations (20a,d) leads to,
The explicit form of equations (45), considering the first-order solutions (Eqs. 23, 42) are taking the form,
Elimination of secular terms of Eq. (46) and averaging in constant terms lead to the amplitude modulation equations of first-order approximation given by,
whereas in the derivation of (Eq. 48b) the explicit form of amplitudes defined in equations (26) (27) which lead to elimination of the second term in left side was considered. Also, with averaging of the rest secular terms of Eq. (46) and separating real with imaginary parts, the following set of equations lead to,
Using equations (26) (27) in (Eqs. 49a, 49c) it can be shown that,
Then, the system of equations (49b,d) is taking the form,
The eigenvalues λ 3,1÷2 and also the associated eigenvectors are given by,
and the solution of the system (Eq. 49) can be determined using the fundamental solution matrix, which is given by,
which lead to the solution of amplitudes for torsional and rigid body motions in T 1 -scale, and in explicit form they are given by,
whereas the last two equations arise from equations (49a,c) considering (Eqs. 50, 55a-b) in conjunction with (Eqs. [26] [27] .
Combining the solutions in both scales (Eq. 23 with 55), the following final solution in torsional with rigid body motions for first-order approximation leads to,
3.4 Solution of amplitude modulation equations of first order for both lateral bending motions
In this section, the amplitudes in equations (42) with respect to time scale T 1 by eliminating the secular terms of ε 2 in equations (20b-c) are determined. Considering equations (18, 21) and, using the new notation, the right-hand side of equations (20b-c) are taking the form,
Considering the first-order solutions (Eqs. 23, 42), equations (57) are taking the form,
where the overbar denotes the complex conjugate. In equations (58), the elimination of secular terms and the separation of real with imaginary parts lead to the following two decoupled similar systems of differential equations, which can be written in the following general form,
where j = 1 corresponds to the system arising from first frequency (ω 1 ) and j = 2 to the system arising from the second frequency (ω 2 ). Setting,
The eigenvalues of this system are given by,
The associated matrix of eigenvectors and its inverse are given by,
With fundamental solution matrix given by,
and,
Then, the solution of system (Eq. 59) is given by,
with amplitudes for:
B v2, j (T 1 ) given by,
B w1, j (T 1 ) given by,
Combining the solutions in both scales (Eq. 42 with 64), the following final solution in both lateral bending motions for first-order approximation leads to,
In equations (66a-b), it is clear that the frequencies ω det,1,1 , ω det,1,2 , ω det,2,1 , ω det,2,2 are all detuning frequencies from the CD; since it is shown in [30] and in numerical section 4.2 of this article, the first-order solution frequencies (ω 1 , ω 2 ) coincide with those in CD.
It should be mentioned that the system (Eq. 59) becomes singular near the first-order critical speeds with the condition of,
and this analysis is no longer valid. Similarly, in the case of neglecting rotary inertia terms with (M = 0), then, exactly at the critical speeds of first-order approximation the system (Eq. 59) becomes singular and this analysis is no longer valid.
Also, in case of critical speeds in first-order approximation (which can be obtained also from the CD), then ω j = Ω, either for j = 1, 2, and then,
3.5 Solution of second-order approximation for rigid body with torsional motions
In this section, the second-order system of differential equations for the rigid body with torsional motions formed by equations (20a,d) is solved, and considering Eq. (46) after the elimination of secular terms in Sect. 3.3, the following system of differential equations leads to:
− Fθ 2 +q φ,2 = − ω
with constants in T 0 -scale given by (Eq. 47). This system can be decoupled easily to,
The solution of second equation can be derived easily considering the solution of first-order approximation, and using the Duhamel's integral, it is given by [29] ,
Finally, considering (Eq. 72) with direct integration of Eq. (70a) the angular velocity in second-order approximation leads to,
The solution of the non-homogeneous linear system (Eq. 76), for zero initial conditions, can be determined through integration of the fundamental matrix 2 (T 0 − s) (explicit form is given by Eq. 39) multiplied with the non-homogeneous part; therefore, using also equations (27, 42, 55, 64) , it is given by,
with, amplitudes given in equations (C.2-13) in "Appendix-C" section. It should be noted that considering zero initial conditions in torsion, equation (27b) applied in (Eq. 77) leads to,
Therefore, Eq. (79) means that in case of zero torsional initial conditions the second-order approximation for both lateral bending motions is zero.
Numerical results and discussion
A stainless steel shaft with external and internal radius r o = 0.03 m, and r i = 0.028 m is considered, respectively. The length is L = 1 m, the density is ρ= 7850 kg/m 3 , with the material properties of Young's and shear modulus are E = 200 GPa, G = 76.9 GPa, respectively. It should be noted that the particular shaft is thin-walled since the ratio of length with thickness is 500 ( 10) and ratio of length with external diameter is 16.67 (> 10); therefore, for the examination of the lower modes of vibration it can be modelled as EB beam by neglecting the shear effects [31] .
Verification of individual analytical solutions
In this section, the shaft with the following initial conditions is considered,θ
and it is compared, the individual solutions are obtained in Sects. 3.1-3.6 with direct numerical integration of the associated individual systems. It should be mentioned that for this angular velocity (θ 1 (0)), in order to define the natural frequencies in bending, based on Sect. 3.2 for the first-order approximation analysis, the following parameters have to be specified using equations (32a,c),
which corresponds to the first case and the frequencies in bending for first-order approximation are given by Eq. (35). Also, for this particular shaft η 2 ≤ 0 foṙ θ 1 (0) ≥ 15,890 rad/s (= 151,741 R.P.M.) in very high rotating speeds which is the third case and can be practically ignored for this shaft.
In Fig. 2a , b, the responses from analytical solution (Eq. 42a-b) and the responses with the direct numerical integration of the system with equations (28a-b) are depicted, which is the first-order approximation for both lateral bending motions. In both figures (2a,b) , the numerical simulation with the analytical solutions is in very good agreement.
The analytical solutions (Eq. 64a-d) of amplitude modulation equations for both lateral bending motions in T1 scale defined by the systems (Eq. 59 for first with j = 1 and second mode with j = 2) and those obtained by direct numerical integration, are depicted in Fig. 3a-d . The analytical solutions in both figures are in very good agreement with those obtained from direct numerical integration. In Fig. 4a-b are depicted the responses for the second-order approximation for torsional and rigid body motions of the system of equations (69) using direct numerical integration and also using the analytical solutions (Eqs. 72, 74). In Fig. 4a , b, the analytical solutions are in very good agreement with those obtained from numerical integration.
In Fig. 5a , b are depicted the second-order approximation responses, from analytical solutions (Eq. 78a, b) for both lateral bending motions and compared with those obtained with direct numerical integration of the system (Eq. 76); they are in very good agreement.
Determination of Campbell diagram
In this section, the CD obtained with finite element simulations using commercial software (ANSYS), the analytical frequencies from Sect. 3.2, and the detuning frequencies from Sect. 3.4 is compared. Based on the particular shaft dimensions and material, in Table 1 speeds, whereas it is clear: η 1 < 0, η 2 > 0 and η 1 + √ η 2 < 0 which leads to the first case of solutions as described in Sect. 3.2. The natural frequencies are given by Eq. (35). It should be noted that the natural frequencies obtained with Eq. (35) are corresponding to the solution of the first-order approximation without considering the detuning frequencies arising from the amplitude modulation equations. A solid model of the shaft was created for FEA with the commercial software ANSYS, and linear modal analysis for various rotating speeds was performed. In Fig. 6 are depicted the natural frequencies of the first two modes in bending for five rotating speeds determined with FEA and those obtained from analytical methods of Sects. 3.2 (linear) and 3.4 (detuning frequencies).
It is clear that the two lines associated with the theoretical linear natural frequencies (f1, f2) obtained using Eq. (35) are in very good agreement with those obtained with FEA.
Even for zero rotating speed, whereas there is one double mode in bending (with different mode shapes), there is a slight discrepancy in frequencies between analytical and FEA with the value of the later to be slightly lower. This can be attributed to the fact that the EB beam theory is neglecting the shear effects, which is not the case in the finite element modelling in ANSYS. The same trend is following the natural frequencies in all the rest rotating speeds. Also, it can be depicted from Fig. 6 that the critical speed based on the linear natural frequencies is at 4878 R.P.M. Also in Fig. 6 , the theoretical natural frequencies for different rotating speeds are depicted using the firstorder solution (Eq. 35) incorporating the detuning frequencies from amplitude modulation equations (67a-b) (considering A 11 = Ω) and neglecting the single point that the amplitude modulation equations become singular. In Fig. 6 , examining the detuning frequencies from the CD, there are additional three distinct main lines of frequencies (below 5000 R.P.M.).
The first one is below the first linear mode resulting in one more 'critical speed' at 3260 R.P.M., which is lower than the linear one. Also, about the other two additional lines of modes; one is in between the two linear modes and one is higher than the second linear mode. The significance of the solutions of the firstorder approximation and also of the CD with the associated critical speeds are examined in the next section, whereas it is compared the analytical solutions with direct numerical integration of the original system.
Comparison of multiple scales solution with direct numerical integration
In this section, a shaft with initial conditions only in lateral bending to restrict the examination in phenomena relevant to the CD is considered. It should be noted that a considered set of initial conditions in lateral bending is not just one. The shaft can have any value of θ as initial condition (arbitrary constant); therefore, the selected set of initial conditions for lateral bending motions corresponds to all instances which have the same combined radial amplitude, and it is defined by the two deformations of the lateral bending motions. In this section, the following set of initial conditions is used,
for four different rotating speeds, (14). It should be commented that for these initial conditions, the second-order approximation for both lateral bending motions is zero (Eq. 79).
The third (θ c (0) and fourth (θ d (0)) angular velocities are at the critical speeds as they are obtained from Fig. 6 , and it is examined the validity of this first-order approximation analysis.
On each one of the following figures that correspond to the responses of lateral bending motions, three responses are depicted: these ones obtained from direct numerical simulation; the second ones obtained from the full multiple scales analysis; and the third ones obtained from multiple-scale analysis restricted to only T 0 -scale of the first-order approximation analysis.
In Fig. 7a-d are depicted the transient responses from analytical solution and those from direct numerical integration for the first angular velocityθ a (0). In Fig. 7a , the modal responses are depicted for lateral bending motion in the y-direction (q v (t)), obtained from analytical and numerical solutions. The responses of the direct numerical integration with the full multiple scales solution are in very good agreement apart of some small spikes, e.g. in around 0.2, 0.35 s etc. in higher frequencies due to restricted multiple scales analysis to second-order approximation. On the contrary, the first-order solution which corresponds to the restricted T0-scale solution (associated with the CD) is very different from this one obtained from direct numerical integration even in low frequencies, e.g. envelope. In Fig. 7b are depicted the transient modal responses for lateral bending motion in the z-direction (q w (t)), which are provide the same qualitative results as those obtained from Fig. 7a for lateral bending motion in the y-direction (q v (t)); the numerical with the analytical are in good agreement.
For low angular velocities, the first-order total analytical solution is valid for the estimation of the dominant frequencies as they are obtained including the detuning frequencies from the CD, noted though that the associated solutions with the CD are not describing the dynamics.
In Fig. 7c are depicted the transient modal responses for torsion, obtained from direct numerical integration and the multiple scales solution. They follow the same envelope in lower frequencies but not in higher frequencies. Similar results are concluded from Fig. 7d , with the transient responses of the angular velocity between the solutions obtained from direct numerical integration and multiple scales solutions. In both analytical solutions, for torsional modal angle and angular velocity, the higher-order terms in multiple scales analysis are needed for convergence in higher frequencies.
It should be noted that similar results for torsional and rigid body rotation responses were obtained in all the other cases. Therefore on the subsequent presented results, although there has been comparison between numerical with analytical solutions for all the responses, due to the fact that the torsional with rigid body motions responses have the same information as in Fig. 7c, d , they will be omitted and it will be presented only the results for lateral bending motions. Figure 8a , b depicts the transient responses of the analytical solution, and the direct numerical integration using the second angular velocityθ b (0). In Fig. 8a are depicted the modal responses for lateral bending motion in the y-direction (q v (t)), obtained from the direct numerical integration of the original system, and of the analytical solutions. The responses of the direct numerical integration with the multiple scales solution are in very good agreement for a short time interval, e.g. 0-0.3 s, but in later stages some lower frequencies in numerical responses are different from the full analytical solution and this discrepancy can be attributed that the higher-order terms (higher than second-order approximation) are getting significant for this initial angular velocity. Also, considering the restricted to T 0 -scale of firstorder approximation solution, the comparison with direct numerical integration solution shows that they are very different.
In Fig. 8b are depicted the transient modal responses for lateral bending motion in the z-direction (q w (t)). The full multiple scales analytical solution is in good agreement with this one obtained from direct numerical integration only for the first 0.04 s and then some different lower frequencies in the numerical solution are playing a dominant role and can be attributed to the need of including higher-order terms in the multiple scales solution. It should be commented that the first-order analytical solution restricted only to T 0 -scale is very different from this one obtained from direct numerical integration.
In Fig. 9 are depicted the transient responses for lateral bending motion in the y-direction (q v (t)), of the analytical solutions, and direct numerical integration for the third angular velocityθ c (0) which is in the critical speed caused by the detuning frequency.
The responses of the direct numerical integration with the multiple scales solution are in very good agreement for a very short time interval, e.g. 0-0.2 s, but in later stages some lower frequencies in numerical responses make them different from the full analytical solution, and this discrepancy can be attributed to the absence of higher-order terms in the multiple scales analytical solution. Also, considering the firstorder approximation response restricted to T 0 -scale solution, the comparison with direct numerical integra- tion response shows that they are very different, even in lower frequencies.
Considering that the lower extreme values of almost the same amplitude on this time interval, which are indications of the lower frequency, then for the numerical solution they are 13 and for the first-order restricted analytical solution they are 21, which means that the analytical frequency is almost double of this one existing in numerical responses. Similar results were obtained for the responses of lateral bending motion in the z-direction (q w (t)).
In Fig. 10 are depicted the transient modal responses for lateral bending motion in the y-direction (q v (t)), of the analytical solutions, and the direct numerical integration for the fourth angular velocityθ d (0), which is the first critical speed designated by the CD. The responses of the direct numerical integration with the multiple scales solution are very different.
Also, considering the first-order approximation restricted to T 0 -scale solution (CD frequencies), the comparison with direct numerical integration solution shows that they are very different too, even in lower frequencies considering that the lower extreme values The numerical responses in fourth case, for both lateral bending motions, have been further analysed using wavelet transform (with Morlet motherwavelet) with a MATLAB tool developed in University of Liege [32, 33] . In Fig. 11 is depicted the wavelet spectrum of the response in lateral bending in y-direction (q v (t)), and it is clear that the dominant lower frequency is about 38 Hz, and also considering the first-order theoretical analysis in T 0 -scale, f 1 = 81.3 Hz, (equal to the critical speed) which is about the double size of the main frequency of both lateral bending numerical responses.
Similar results were obtained from the wavelet spectrum of the numerical response for lateral bending in z-direction (q w (t)). Therefore, the 'critical speed' arising from the CD in case of non-constant rotating speed is no longer critical since the numerical responses are having different frequencies from this one which corresponds to the critical speed ( f 1 ). Fig. 11 Wavelet spectra of the numerical responses for lateral bending motion in
The critical speeds defined by the CD are no longer valid to describe critical situations in case of nonconstant rotating speed.
Also, near the critical speeds the multiple scales, up to second-order solution, are not capturing the dominant lower frequencies. In such cases, higher-order terms have to be included in the multiple scales solution for the determination of NNMs. Noted that the selected method in determining the NNMs (multiple scales) is rather useful to make clear the comparison between the dynamical systems arising with constant rotating speed and the case of non-constant rotating speed, since they coincide in first-order approximation.
Since the system is nonlinear, it should be mentioned that for the selected initial conditions in numerical simulations there is no evidence of chaos, small perturbations led after several circles to very close solutions with the original simulation. Further investigation is needed on this aspect for any case of spinning shaft, by means of examining possible routes to chaos in a spinning shaft with non-constant rotating speed. Also, noted that the Bubnov-Galerkin approximation is truncated to only the first mode, in order to examine nonlinear modal interactions (caused from the modal coupling in rigid body rotation equation) more modes have to be included.
Conclusions
In this article, modelling of the spinning shaft with nonconstant rotating speed and then discretisation by projecting the dynamics in the basis of infinite modes associated with the linear system have been performed. In the discrete system which arises after truncation to the first mode, the method of multiple scales for nonlinear dynamic analysis is applied. The system's equations were written up to second-order time scale and their left side showed that the four originally coupled equations were coupled in pairs. The first pair consists of the equations describing rigid body motion coupled with torsion and the first-and second-order approximations have been solved explicitly considering also the amplitude modulation equations arising from the elimination of the secular terms in second-order approximation. The comparison of the individual analytical responses obtained from the second-order approximation for torsional and rigid body motions with those arising from direct numerical integration is in very good agreement.
The second pair of equations, describing the two lateral bending motions in the first order, is coinciding with the case of constant rotating speed, and then, the explicit form of the natural frequencies was derived, which are in very good agreement with the CD obtained with commercial finite element software. The consideration of the amplitude modulation equations arising from the elimination of secular terms in second-order approximation resulted detuning frequencies in the CD. The individual solutions for first-and second-order approximations for both lateral bending motions are in very good agreement with the solutions obtained by direct numerical integration.
Finally, the original system of the discrete modal equations is numerically integrated to get the responses for comparison with the multiple scales analytical solutions. In case of relative low rotating speeds, the full multiple-scale analytical responses for both lateral bending motions are in good agreement with the numerical solution, but the restricted solution to T 0 -scale of first-order approximation which is associated with the CD is very different. The analytical torsional and angular velocity responses are very close to numerical solutions only in low frequencies (the envelope). In order to have better agreement, between numerical and analytical results for torsional and rigid body responses the higher-order terms in multiple scales analysis have to be considered.
In higher rotating speeds even close to the critical speeds obtained from the CD, the multiple scales solution up to second order for lateral bending motions, is not describing very well the dynamics, and higherorder terms in multiple scales analysis have to be included. Also, in critical speeds arising from the CD, the original nonlinear system is vibrating in frequencies different than those corresponding to the critical speeds. Therefore, these speeds are not critical for nonconstant rotating speed, and therefore, the CD fails to describe the critical situations during spin-up, down operation.
Since it is shown in this work that the CD is no longer describing the critical situations, this work paves the way for new safe operational 'modes' of rotating structures with bypassing critical situations defined by the CD using acceleration of the rotating speed and then 'settle' in a 'secure' higher rotating speed for steadystate operation. Further work is needed on this direction, since the critical situations during spin-up/down operation for the safety of the rotating structure have to be identified.
Also, this work is important to identify the validity of the tools used to describe critical situations in case of spin-up, down operations of all rotating structures not only restricted to spinning shafts but in any other rotating structure, e.g. motors, gearboxes, turbines, wind turbines and helicopter blades.
As a continuation of this work, additional terms in modelling, e.g. non-conservative forces/torques, imbalances etc, subsequent with dynamic analysis have to be considered. Since the system is nonlinear, it is essential to find any possible routes to chaos. Also, nonlinear modal interactions have to be examined, including more terms in Bubnov-Galerkin approximation.
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Appendix-A
In this part of the article, it is determined explicitly the variation of position vector (δR) and also the product with the acceleration vector. Considering the generalised coordinates, with all the deformation variables and the rigid body motion (and their derivatives), then the variation of position vector is given by, The product in right-hand side of Eq. (2), using equations (A.1) and the explicit definition of the partial derivatives of the position vector in fixed frame (R), can be written as follows: with L 1 = 2 mL considering orthonormality condition.
Appendix-C
In this appendix, the amplitudes for second-order approximation of the second-order solution for lateral bending motions will be given explicitly. Defining the following constants, 
